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Abstract—In this paper we propose a novel current
actuated fully dynamic piezoelectric composite model. This
new model complements the existing modeling framework
of deriving piezoelectric models. We show that the novel
composite model is well-posed. Furthermore, we consider
two approximation methods, FEM and MFEM and inves-
tigate the stabilizability properties. Finally, we include the
closed-loop behaviour in the numerical results.
Index Terms—Current actuation, stabilizability, finite
element method (FEM), mixed finite element method
(MFEM), piezoelectric composite.
I. INTRODUCTION
APIEZOELECTRIC actuator is a piece of piezoelectricmaterial, which is sandwiched between two layers of
electrodes. By an electric stimulus, such as voltage,
charge, or current, it can compress or elongate in one
or more directions. By glueing this type of piezoelectric
actuator onto the surface of a mechanical substrate, the
deformation of the actuator incurs shear stress in the
substrate, which curves the composition. A mechanical
substrate with one or more piezoelectric actuators we
refer to as a piezoelectric composite, see Fig I and is
useful in high precision applications. An other specific
type of electric actuator is the piezoelectric beam, where
an electric stimulus acting on the transverse axis only
incurs deformation on the longitudinal direction.
From a control perspective, there exist roughly two
rubrics of applications for piezoelectric composites, i.e.
vibration control and shape control. The former has
applications in acoustic devices [1] or suppression of
vibrations in mechanical applications [2]. The latter
rubric envelopes applications such as flexible wings
[3], inflatable space structures [4] and deformable
mirrors [5]. Often, in applications including inflatable
space structures and deformable mirrors, one side of
the substrate has a specific function (e.g. reflecting
electromagnetic waves). Therefore, we consider in this
work a composite where the piezoelectric actuator is
attached to one side of the purely mechanical layer, see
Fig. 1. Piezoelectric composite with longitudinal deflection v and
transverse deflection w.
Fig I for a depiction.
The dynamics describing the behaviour of a
piezoelectric composite originate from continuum
mechanics (mechanical domain) and Maxwell’s
equations (electromagnetic domain) and results in
a set of partial differential equations (PDE). PDEs
with different structure and properties are derived by
changing the assumptions for either the mechanical or
electromagnetic domain. For the mechanical domain,
a different type of beam theory can be assumed, and
non-linear phenomena can be incorporated. For the
electromagnetic domain, different assumptions on the
treatment of Maxwell’s equations result in different
dynamics and coupling of the electric, magnetic,
and mechanical quantities. Often, in literature, the
assumptions for the electromagnetic domain are typified
as a static electric-field, a quasi-static electric-field, or
a fully dynamic electromagnetic field. Recent efforts
show that the treatment of the electromagnetic domain
and choice of input severely alters the controllability
and stabilizability properties of the dynamics, see for
instance [4], [6]–[14].
The traditional choice of actuation is voltage
actuation. Voltage actuated linear infinite-dimensional
piezoelectric beam models are exactly controllable and
exponentially stabilizable in the case of a static or
quasi-static electric-field, see [15], [16], and [17]. In
[9], the fully dynamic voltage actuated beam model is
shown to be asymptotically stabilizable, for almost all
system coefficients and exponentially stabilizable for
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2a small set of system coefficients. In [13] it has been
shown that the fully dynamical beam is polynomial
stabilizable when certain conditions on the physical
coefficients are satisfied.
Due to less-hysteretic behaviour of charge and current
actuated piezoelectric systems, recent studies involved
the stabilizability of such models. The charge actuated
models show similar stabilizability properties to voltage
actuated models [9]. There are two ways to derive
current actuated piezoelectric models. The simplest
is obtained by adding a dynamical equation on the
boundary to convert the charge input into a current input,
which we will refer to as current-through-the-boundary
actuation. Physically this corresponds to incorporating
some electric circuitry. The other way of obtaining
current actuated systems is by careful considerations
on the electromagnetic domain, resulting in a purely
current actuated system. The modelling of purely current
actuated piezoelectric systems is described in [9], [14].
The stabilizability of current actuated piezoelectric
beams has been investigated under a fully dynamic
electromagnetic field, where the model is derived using
magnetic vector potentials that require an additional
gauge condition to guarantee a solution in [18]. It has
been shown that the control input is bounded in the
energy space and can be asymptotically stabilized.
Recently, in [14], the current actuated piezoelectric
beam model from [18] has been interconnected with a
substrate. Due to the use of magnetic vector potentials,
the model allows for both current and charge input. It
has been shown that the reduced electrostatic models
with charge and current-through-the-boundary models
are respectively exponentially and asymptotically
stabilizable and the derived purely current actuated fully
dynamical model is not stabilizable.
In [12] two current actuated non-linear piezoelectric
composite systems are derived with a port-Hamiltonian
[19] perspective. One system is derived with a purely
current actuated system with quasi-static electric-field
assumption and the other a current-through-the-boundary
system with the fully dynamic electromagnetic field
assumption. The approximations of the fully dynamic
piezoelectric beam [12], using the mixed finite element
method [11], [20], has been shown in [10] to satisfy
a necessary condition for asymptotic stabilizability.
In contrast, the quasi-static system do not satisfy this
condition and thus are not stabilizable.
In this work, we present a novel fully dynamic
piezoelectric composite model with purely current
input. We use, to the best of our knowledge, a new
and elegant treatment of the electromagnetic domain
that does not require the use of a gauge function. The
new fully dynamic electromagnetic model is a more
comprehensive version, in terms of the electromagnetic
treatment, of the quasi-static electromagnetic model in
[10], [12], which has been shown to be not stabilizable.
The new model is derived by using a novel treatment
of Maxwell’s equations producing the electromagnetic
dynamics in terms of the magnetic-flux. Besides the
well-posedness, we also investigate the stabilizability of
this new model and supplement these results with some
numerical results.
The models presented here are derived under the as-
sumption of linear relationships, and for the mechanical
domain, we consider the Euler-Bernoulli beam theory.
In the next section, we treat the derivation of the novel
model and compare the treatment of Maxwell’s equations
to the existing methods. In Section III we show that
the novel model is well-posed. In Section IV, the novel
purely current actuated piezoelectric model is discretized
using two approximations methods, i.e. the finite element
method (FEM) and the mixed finite element method
(MFEM). In Section V, we investigate stabilizability
properties of the approximated composites and in Section
IV some illustrative simulation are presented to accom-
pany the stabilizability results.
II. DERIVATION PHYSICAL MODEL
In this section, the derivation of the novel current
actuated piezoelectric composite model is done and
at the end of this section we discuss the differences
with respect to existing current actuated models. The
piezoelectric composite investigated in this work is
a piezoelectric actuator superimposed and fixed on
top of a purely mechanical substrate. See Fig I for a
depiction of the system. The governing equations are
derived by modelling the piezoelectric actuator and
interconnecting it with the governing equations for the
mechanical substrate. We focus on current as electric
stimulus, which allows the composite to deform in the
longitudinal z1 and transverse direction z3 as a result
of shear stresses between the piezoelectric actuator and
mechanical substrate.
The dynamical equations governing piezoelectric
beams originate from Maxwell’s equations [21] and
continuum mechanics [22]. The coupling between the
electromagnetic and mechanical characteristics, such as
3the electric displacement D, electric-field E and me-
chanical stress σ and strain , are described using the
piezoelectric constitutive relations»– σ
D
fifl “
»– C ´e
e ε
fifl»– 
E
fifl , (1)
where C is the stiffness matrix, e denotes the piezo-
electric constants matrix, and ε the diagonal permittivity
matrix. For the one-dimensional piezoelectric actuator,
where the electric stimuli is applied along E3, the
components E1 “ E2 “ 0. The constitutive relations
are reduced to scalar equations. Let C11, C55, β :“ ε33
and γ :“ e15 represent the mechanical stiffness, shear
constant, magnetic permittivity, and piezoelectric con-
stant, respectively. Then, the one-dimensional piezoelec-
tric constitutive scalar relations are given by»———–
σ11
σ13
D3
fiffiffiffifl “
»———–
C11 0 ´γ
0 2C55 0
γ 0 1{β
fiffiffiffifl
»———–
11
13
E3
fiffiffiffifl , (2)
which takes care of the coupling between the mechanical
and electromagnetic part.
For the mechanical part let vpz1, tq denote the longi-
tudinal displacement with respect to the normal of the
cross-section along the z1´axis and let wpz3, tq denote
the transversal displacement along the z3´axis. Then,
the displacement vector u for an Euler-Bernoulli beam
[22] can be described by
u “r vpz1, tq ´ z3 BBz1wpz1, tq, 0, wpz1, tqsT . (3)
where z3 denotes the unit-vector in the z3-direction.
The strain is derived form (3) is as follows,
11 “ BBz1
ˆ
vpz1q ´ z3 BBz1wpz1q
˙
,
13 “ BBz1wpz1q,
(4)
where 13 represents the shear-strain, which is not in-
cluded in the Euler-Bernoulli beam theory [22]. There-
fore, the strain, stress, and electric displacement of
interest are given by the first row of (4), the first row
of (2), and the the third row of (2), respectively.
Let T and V denote the kinetic and potential energies,
W denotes the work applied to the system using a
current, and let the subscripts e and m refer to the
electrical and mechanical domains, respectively, then the
Lagrangian
L :“ Tm ` Te ´ pVm ` Veq `W (5)
can be used in the derivation of the set of dynamical
equations for the piezoelectric beam. To use (5) we
require to treat Maxwell’s equations to provide us with
the necessary components. Therefore, let the vectors B,
H , and Ji represent respectively the magnetic field,
magnetic field intensity, and impressed current density.
Furthermore, let the magnetic permeability of the mate-
rial by µ, and the charge density by σv. Then, Maxwell’s
equations [21] are described by the four laws;
∇ˆH “ Ji ` BDBt , (6a)
∇ ¨D “ σv, (6b)
∇ˆE “ ´BBBt , (6c)
∇ ¨B “ 0, (6d)
respectively, Ampere’s law (6a) that describes the gen-
eration of a magnetic field by current densities, Gauss’s
law (6b) of electric-fields, Faraday’s law (6c) for time
varying magnetic fields, and Gauss’s law (6d) of mag-
netism. Additional to Maxwell’s equation we require the
following two constitutive relations
D “ βE,
µH “ B, (7)
used for material that admits characteristics prescribed
by Maxwell’s equations. Using (6a)-(6d) and (7) we
can propose a novel way of modelling current actuated
piezoelectric systems. The new approach of deriving the
dynamics for a current actuated piezoelectric actuator
follows a procedure that is inspired by the approach
of deriving dynamics for voltage actuated piezoelectric
actuators [9]. However, in literature, this approach has
not been considered for current actuated models.
We start by defining the magnetic-flux Φ as follows,
9Φpz1q :“
ż z1
0
9B2pξqdξ, (8)
where B2 is the magnetic field component for z2. From
(8) the following expressions
B
Bz1
9Φpz1q “ 9B2pz1q, (9a)
B
Bz1 Φpz1q “ B2pz1q, (9b)
are derived, which relates the magnetic-flux and the
magnetic field as a function of the spatial variable z1.
Next, we reduce Faraday’s law (6c) to the scalar equation
BE3
Bz1 “
BB2
Bt , (10)
4where we made use of E1 “ E2 “ 0. Recall that, the
electric-field from the applied current is only generated
in the E3 component. Then, from (10) with the use of
(9a) the relation between the electric-field and flux is
given by
9Φpz1q “ E3pz1q. (11)
The expression given in (11) is used during the
derivation of the dynamics using Hamilton’s principle
[23], applied to the Lagrangian (5). From now on we
omit the spatial dependency of the variables to enhance
the readability. Additionally, we denote BBz1φ as φz1 ,
unless otherwise appropriate.
The energies associated with (5) for the novel current
actuated piezoelectric actuator are presented next. The
relation between the magnetic-flux and electric-field (11)
plays an intrinsic part in the derivation of the dynamical
model. Let ρ denote the mass density, V the volume of
the beam, and let A, I, I0 represent the cross-section and
inertias of the beam. Then, the following energies for the
piezoelectric beam are given by
Tm “ 1
2
ż
V
ρp 9u ¨ 9uq dV (12a)
“ 1
2
ż `
0
“
ρ
`
A 9v2 ´ 2I0 9wz1 9v ` I 9w2z1 `A 9w2
˘‰
dz1,
Vm “ 1
2
ż
V
σ ¨  dV
“ 1
2
ż
V
rσ1111s dV (12b)
“ 1
2
ż `
0
“
C11
`
Av2z1 ` Iw2z1z1 ´ 2I0vz1wz1z1
˘
´γ 9Φ pAvz1 ´ I0wz1z1q
ı
dz1,
Te “ 1
2
ż
V
D ¨E dV
“ 1
2
ż
V
D3E3 dV (12c)
“ 1
2
ż `
0
„
1
β
A 9Φ2 ` γ 9Φ pAvz1 ´ I0wz1z1q

dz1,
Ve “ 1
2
ż
V
H ¨B dV
“ 1
2
ż
V
1
µ
B22 dV (12d)
“ 1
2
ż `
0
„
1
µ
AΦ2z

dz1,
where we used (3) in (12a), in (12b) we made use of (4),
the first row of (2) and (11), in (12c) we made use of the
third row of (2) and (11), and in (12d) we made use of
(7) and (9b). Moreover, the cross-sections and inertia’s
in (12) are given by
A :“
ż hb
ha
ż gb
´gb
dz2dz3 “ 2gbphb ´ haq,
I :“
ż hb
ha
ż gb
´gb
z23dz2dz3 “ 23gbph
3
b ´ h3aq,
I0 :“
ż hb
ha
ż gb
´gb
z3dz2dz3 “
“
gbz
2
3
‰hb
ha
“ gbph2b ´ h2aq.
(13)
It is interesting to point out that the coupling between
the mechanical and electrical domain in the energies is
present in the potential energy of the mechanical part and
the kinetic energy of the electromagnetic part. This is
an immediate consequence of the altered Lagrangian, by
means of a Legendre transformation, where the kinetic
and potential energies of the electromagnetic part are
switched when compared to the Lagrangian for voltage
actuated piezoelectric actuators, see [24]. The definition
of the magnetic flux (9) and relation to the electric-field
(11) ensure the appropriate behavior of the kinetic and
potential energies of the electromagnetic part. Moreover,
we circumvent the necessity of using magnetic vector
potentials and a gauge function to obtain a well-posed
set of equations, as is described in [18] for a piezoelectric
beam and [14] for piezoelectric composites.
The distributed current source Iptq acts on the surface
of the piezoelectric layer where the electrodes (with
surface Aq) are located. The surface Aq is in the z1z2
plane, see Fig I, and the applied current acts in the
normal of Aq, i.e. in the z3 direction. Therefore, the
current input is related to the current density through
J3pz1q “ lim
AqÑ0
1
Aq
Iptq
“ 1
2gb
Iptq,
(14)
and acts through the external work
W “
ż
V
1
2gb
IptqΦdV
“
ż `
0
phb ´ haqIptqΦdz1,
(15)
as a homogeneous current source.
5Applying Hamilton’s principle [23] to the definite
integral
J :“
ż t1
t0
L dt
“
ż t1
t0
1
2
ż `
0
ρ
`
A 9v2 ` I 9w2z ´ 2I0 9v 9wz
˘` 1
β
A 9Φ2 ` ρA 9w2
` 2γ 9Φ pAvz ´ I0wzzq ´ C
`
Av2z ` Iw2zz ´ 2I0vzwzz
˘
´ 1
µ
AΦ2z ` phb ´ haq IptqΦ dz1 dt,
where the Lagrangian (5) is composed of the energies
(12), work expression (15), and inertia’s (13) leads to
the variations
δJ :“
ż t1
t0
ż l
0
p´pA:v ` pI0 :w ` CAvz1z1 ´ CI0wz1z1z1
´γA 9Φz1
¯
δv ` p´ρI :wz1z1 ` ρI0:v ` CIwz1z1z1
´CI0vz1z1 ` γI0 9Φz1
¯
δwz1 ` p´ρA :wqδw
`
ˆ
´ 1
β
A:Φ´ γ pA 9vz1 ´ I0 9wz1z1q
` 1
µ1
AΦz1z1 ` phb ´ haq Iptq
˙
δΦ dz1 dt
`
”´
´CAvz1 ` CI0vz1z1 ´ γA 9Φ
¯
δv
ıl
0
`
”´
´CIwz1z1 ` CI0vz1 ´ γI0 9Φ
¯
δwz1
ıl
0
`
„ˆ
´ 1
µ
AΦz1 ` γ pAvz1 ´ I0wz1z1q
˙
δΦ
l
0
(16)
with respect to the variations in the generalized co-
ordinates q “ colpv, wz,Φq and using integration by
parts (IBP). From (16), we have that the dynamical
PDE’s describing the behaviour of the fully dynamic
electromagnetic piezoelectric actuator, as follows
ρ pA:v ´ I0 :wz1q “ C11 pAvz1z1 ´ I0wz1z1z1q ´ γA 9Φz1
ρ pI :wz1 ´ I0:vq “ C11 pIwz1z1z1 ´ I0vz1z1q ` γI0 9Φz1
1
β
A:Φ “ 1
µ
AΦz1z1 ´ γ pA 9vz1 ´ I0 9wz1z1q ´ phb ´ haq Iptq,
(17)
on the spatial domain z1 P r0, `s, with essential boundary
conditions vp0q “ 9vp0q “ 0, wz1p0q “ 9wz1p0q “
0, Φp0q “ 9Φp0q “ 0 and natural boundary con-
ditions C11Avz1p`q ´ C11I0wz1z1p`q ´ γA 9Φp`q “ 0,
C11Iwz1z1p`q´C11I0vz1p`q`γI0 9Φp`q “ 0, 1µAΦz1p`q´
γpA 9vp`q ´ I0 9wz1p`qq “ 0.
Remark 1. The dynamics (17) are derived using Hamil-
ton’s principle, where the variations are taken with
respect to the variations in the generalized coordinates
q “ colpv, wz1 ,Φq and produces the algebraic equation
ρA :w “ 0, see (16). Another approach would be using
the generalized coordinates q˜ “ colpv, w,Φq, which
result in the classical Euler-Bernoulli beam model with a
fourth-order spatial derivative on w and additionally the
algebraic equations ρI :wz1 ´ρI0:v “ 0. The model using
q˜ is derived from (16) by using IBP on the potential
energy part associated with the variations δwz1 . The
motivation of using the generalized coordinates q comes
from the deflection (3), produced by the assumption of
the linear Euler-Bernoulli beam theory, given in the
variables v and wz1 . The second row of (17) can be seen
as a dynamical equations for the infinitesimal translation
on the z1z2´plane. When the variations are taken with
respect to q˜ the dynamical equation for the transverse
displacement, i.e. contour, is obtained. The model with
dynamical equation for the infinitesimal translation, us-
ing the variations q has the following advantage; a third
order spatial derivative on the transverse displacement
is obtained, which corresponds to a first order spatial
derivative with respect to the energy variable wz1z1 and
yields, therefore, a model with beneficial structure for
analysis, while being able to determine the infinitesimal
translation through wz1 .
With use of the Timoshenko beam theory, we can show
that the dynamical equation for the infinitesimal trans-
lation of (17) satisfies the Euler-Bernoulli beam a priori
assumptions, which we will touch upon here. The Euler-
Bernoulli beam theory is based on the following three a
priori assumptions [22];
1) the cross-section is rigid on its plane,
2) the cross-section rotates around a neutral surface
remaining plane,
3) the cross-section remains perpendicular to the
neutral surface during deformation.
The first two assumptions are shared with the Timo-
shenko beam theory [22], while the third assumptions
is relaxed in a Timoshenko beam. Therefore, the Tim-
oshenko beam model contains also the rotation of the
beam’s cross section φpz1, tq by means of shear stresses.
Let K denote the shear constant, then the Timoshenko
beam equation can be written as,
ρA :w “ K
ˆB2w
Bz21
´ BφBz1
˙
ρI :φ “ C11I B
2φ
Bz21
´K
ˆ
φ´ BwBz1
˙
,
(18)
see for instance [22], [25]. By imposing assumption
three in (18), using the constraint φ “ wz1 , we obtain
6the dynamical equations
ρA :w “ 0
ρI :wz1 “ C11I B
3w
Bz31
,
(19)
where the influence of shear stresses is mitigated. It
can be seen that the first row of (19) is the algebraic
equation in (16). Moreover, the second row of (19)
returns in row two of (17), as the mechanical beam part.
Note that (19) is in the beam configuration and (17) in
the actuator configuration. Therefore, we can make the
similarity more clear by taking centroidal coordinates
hb “ ´ha, such that I0 Ñ 0 to obtain the decoupled
stretching and bending equations, i.e. the piezoelectric
beam equations. Consequently, the derived equation for
bending coincides with the deflecting beam equation in
(19). Taking centroidal coordinates will result in the
dynamics of a piezoelectric beam. Letting I0 Ñ 0 can
be done in the dynamical equations of piezoelectric
actuators (e.g. (17)), or directly in the energies making
up the Lagrangian (e.g. (12)), see [9] for a voltage
actuated beam.
The total energy of the actuator (17) is given by
HFDptq “ 1
2
ż `
0
„
ρ
`
A 9v2 ` I 9w2z1 ´ 2I0 9v 9wz1
˘` 1
β
9Φ2
`C11
`
Av2z1 ` Iw2z1z1 ´ 2I0vz1wz1z1
˘` 1
µ
Φ2z1

dz1,
(20)
obtained by summation of the energies (12) and solving
for the algebraic equation.
Remark 2. The external work (15) is a direct conse-
quence from Ampere’s law (6a) and becomes evident by
reducing (6a) for the case of the piezoelectric actuator.
Then, we obtain the scalar equation,
1
β
B2
Bt2 Φ “
1
µ
B2
Bz21
Φ´ γ BBtpvz1 ´ z3wz1z1q ´ J3, (21)
where we made use of (9a), (9b) and (2). Combining
(21), (14) and integrating both sides with respect to the
cross-section A, see (13), we obtain the same expression
as the third equation of (17). This shows the validity of
the work term (15).
The dynamics of the current actuated piezoelectric
composite, depicted in Fig I, is obtained by intercon-
necting the PDE (17) with equations associated with
a purely mechanical substrate. As we have shown in
Remark 1 that the mechanical part of (17) reflects the
Euler-Bernoulli beam theory, we continue by employing
the same approach, as in [12], [26]. Therefore, let the
piezoelectric constant γ Ñ 0 in (17) and (20) and let the
subscript p and s correspond to the piezoelectric actuator
and substrate, respectively to define the coefficients
ρA :“ ρpAp ` ρsAs, CA :“ CpAp ` CsAs,
ρI :“ ρpIp ` ρsIs, CI :“ CpIp ` CsIs, (22)
ρI0 :“ ρpI0, CI0 :“ C11,pI0.
Then, with use of (22) the fully dynamic electromagnetic
current actuated piezoelectric composite, depicted in Fig
I, is written as
ρA:v ´ ρI0 :wz1 “ CAvz1z1 ´ CI0wz1z1z1 ´ γAp 9Φz1
ρI :wz1 ´ ρI0:v “ CIwz1z1z1 ´ CI0vz1z1 ` γI0 9Φz1
1
β
Ap :Φ “ 1
µ
ApΦz1z1 ´ γ pAp 9vz1 ´ I0 9wz1z1q ´ phb ´ haq Iptq,
(23)
on the spatial domain z1 P r0, `s, with essential boundary
conditions as in (17) and natural boundary conditions
CAvzp`q ´ CI0wzzp`q ´ γAp 9Φp`q “ 0, CIwzzp`q ´
CI0vzp`q ` γI0 9Φp`q “ 0, 1µApΦzp`q ´ γpAp 9vp`q ´
I0 9wzp`qq “ 0.
and total energy
Hptq “ 1
2
ż `
0
„
ρA 9v2 ` ρI 9w2z1 ´ 2ρI0 9v 9wz1 `
1
β
Ap 9Φ2
`CAv2z1 ` CIw2z1z1 ´ 2CI0vz1wz1z1 `
1
µ
ApΦ
2
z1

dz1.
(24)
This concludes the model derivation of the novel current
actuated piezoelectric composite, which is analyzed
further in the upcoming sections. Here we will continue
by illustrating the similarities and differences with
existing models in the literature.
The newly proposed piezoelectric actuator/composite
model differs from the existing fully dynamic
electromagnetic current actuated piezoelectric
actuator/composite models, by treating Maxwell’s
equations differently.
The treatment of Maxwell’s equations that leads to the
definition of the magnetic-flux density and subsequently
to the novel dynamical equations for current actuated
piezoelectric beams and composites is inspired by the
treatment of Maxwell’s equations for voltage actuated
piezoelectric beams. See for instance [9] for a detailed
exposition. In [9] a similar approach results in the
definition of the charge by integrating the electric dis-
placement, resulting in a voltage actuated piezoelectric
beam. The quasi-static current actuated model presented
in [12] suggests the existence of a purely current actuated
piezoelectric actuator/composite under the fully dynamic
7electromagnetic field assumption. In fact, with some
effort, it can be shown that the fully dynamic current
actuated system presented in this work and the current
actuated quasi-static piezoelectric system presented in
[12] are related. More precisely, the system obtained by
reducing the electromagnetic assumption to the quasi-
static situation (i.e. let BBz1B2p“ Φz1z1q Ñ 0) in (17), and
linearization combined with the reduction of the beam
theory (i.e. from the Timoshenko to Euler-Bernoulli
beam theory) of the current actuated quasi-static piezo-
electric system presented in [12], result in coinciding
systems. The definition of the magnetic-flux (9a) is
crucial for the derivation of the current actuated fully
dynamic piezoelectric actuator and composite model (17)
(23). In [10], it has been shown that the approximations
of the quasi-static current actuated model does not satisfy
the necessary condition for stabilizability.
The two existing principles to derive current actuated
piezoelectric beams and composites result either from
taking a charge actuated piezoelectric beam and add
a dynamical equation on the boundary, or utilizing
magnetic vector potentials A˜. The first approach results
in a current-through-the-boundary type model, by
mathematically adding an integrator for the charge Q
on the boundary, i.e. Iptq “ ddtQptq and is employed
in [12], [14]. More precisely, the fully dynamic current
actuated system in [12] exploits the boundary ports
of the port-Hamiltonian formalism, mimicking the
charge integrator used in [14]. Physically, either cases
correspond to the use of some sort of electric circuitry.
The charge and from there resulting current actuated
systems have similar stabilizability properties. Besides,
current-through-the boundary type systems can utmost
asymptotically stabilize the system due to the bounded
input operator, see [14].
The alternative existing approach, resulting a purely
current actuated system, uses magnetic vector potentials
A˜ as per Gauss’s magnetic law (6d) it is evident that
there exist magnetic vector potentials, such that
B “ ∇ˆ A˜. (25)
Substituting (25) into Faraday’s law (6c) results in an
expression of the electric-field of a piezoelectric actuator
as follows,
E “ ´∇ϕ´ BBtA˜, (26)
where ϕ denotes the electric scalar potential. As a
result, the electric scalar potential ϕ and magnetic
vector potentials A˜ are not uniquely defined [18].
Therefore, a gauge function, such as the Coulomb
gauge or Lorentz gauge, is required to uniquely define
ϕ and A˜. Although these gauge conditions do not
influence the electric-field E and magnetic field B, they
do have their specific characteristics [21] and influence
the dynamic equations governing the piezoelectric
actuator, see for instance [14], [18]. In [14], it has been
shown that the purely current actuated fully dynamic
piezoelectric system using electric vector potentials and
a gauge condition lack the stabilizability property.
In our work, the definition of the magnetic-flux (8) is
pivotal. Our approach results in a purely current actuated
piezoelectric system and circumvents the necessity of a
gauge condition. Moreover, the new approach is analo-
gous to the derivation of voltage actuated piezoelectric
actuators, see for instance [9] and appends the existing
framework of modelling piezoelectric actuators. In the
upcoming sections, we attempt to show the usefulness
of the developed novel current actuated piezoelectric
composite model by showing it is well-posedness and
investigate the stabilizability properties for two approx-
imation methods.
III. WELL-POSEDNESS
In this section, we show that the obtained dynamical
system (23) is well-posed. More specifically, we define
an operator associated with the PDE (23) and show, using
the Lumer-Philips Theorem [27], that the operator is, in
fact, a generator of a strongly continuous semigroup of
contractions.
Theorem 1. (Lumer-Phillips theorem) The closed and
densely defined operator A generates a strongly contin-
uous semigroup of contractions T ptq on X , if and only
if both A and its adjoint A˚ are dissipative, i.e.
xAx,xyX ď 0,
xA˚x,xyX ď 0.
(27)
Proof. For the proof, see [27].
Hence, we establish the well-posedness in the sense
of semigroup theory [28].
Let the length of the beam be ` “ 1, with the
spatial variable z P r0, `s, and define H10 p0, 1q :“ 
f P H1p0, 1q | fp0q “ 0(, with H1p0, 1q denoting the
first order Sobolev space and let L2p0, 1q denote the
space of square integrable functions. Inspired by (24),
define the linear space
X “  x P H10 p0, 1q ˆH10 p0, 1q ˆH10 p0, 1q
ˆL2p0, 1q ˆ L2p0, 1q ˆ L2p0, 1q(
8and inner product
xx,yyX : “ x
»———–
x1
x2
x3
fiffiffiffifl ,
»———–
y1
y2
y3
fiffiffiffiflyH1 ` x
»———–
x4
x5
x6
fiffiffiffifl ,
»———–
y4
y5
y6
fiffiffiffiflyL2
“
ż 1
0
“
CAx
1
1y
1
1 ` CIx12y12 ´ CI0
`
x11y12 ` x12y11
˘
` 1
µ
Apx
1
3z
1
3 ` ρAx4y4 ` ρIx5y5
´ρI0 px4y5 ` x5y4q ` 1βApx6y6

dz,
(28)
where the prime indicate the spatial derivative with
respect to z1. The inner product x. , .yX induces the norm
}x}2X “ xx,xyX “ 2Hptq on X , see (24). For simplicity,
denote the spatial variable z :“ z1, additionally let
Bz :“ BBz , and define x :“
”
v wz Φ 9v 9wz 9Φ
ıT
to be the state, and current input uptq “ Iptq. Then, the
operator
A : DompAq Ă X Ñ X ,
A “
»———————————–
1
1
1
a41B2z ´a42B2z ´a46Bz
´a51B2z a52B2z a56Bz
β
µ
B2z ´γβBz γβ I0Ap Bz
fiffiffiffiffiffiffiffiffiffiffiffifl
(29)
with
DompAq “  x P X | CAx11p1q ´ CI0x12p1q ´ γApx6p1q “ 0,
CIx
1
2p1qq ´ CI0x11p1q ` γI0x6p1q “ 0,
1
µ
Apx
1
3p1q ´ γpApx4p1q ´ I0x5p1qq “ 0.
*
(30)
and the coefficients of (29) defined as
a41 :“ ρICA´ρI0CI0ρAρI´ρ2I0 , a51 :“
ρACI0 ´ ρI0CA
ρAρI ´ ρ2I0
,
a42 :“ ρICI0´ρI0CIρAρI´ρ2I0 , a52 :“
ρACI ´ ρI0CI0
ρAρI ´ ρ2I0
,
a46 :“ γ ρIAp´ρI0I0ρAρI´ρ2I0 , a56 :“ γ
ρAI0 ´ ρI0Ap
ρAρI ´ ρ2I0
,
a63 :“ βµ , a64 :“ γβ, a65 :“ γβ
I0
Ap
(31)
is densely defined in X . Note that K2 contains first
order spatial derivative operators. Let the bounded input
operator be
B “
”
0 0 0 0 ´β2gb ,
ıT
then, together with the operator defined in (29) the state-
space description of the set of PDEs (23) can be written
in short hand form, as follows
9x “ Ax`Buptq, (32)
with DompAq and uptq P L2p0, T q. To establish the well-
posedness of the operator (29) in the sense of semigroup
theory, we require the following useful Lemma.
Lemma 1. The adjoint A˚ of the operator A, defined
in (29), is skew-adjoint. More specifically,
A˚ “ ´A,
with DompAq “ DompA˚q.
Proof. For any u “
”
u1 . . . u6
ıT
and v “”
v1 . . . v6
ıT P DompAq we have,
xAu,vyX “
ż 1
0
“
u11
`
CAv
1
4 ´ CI0v15
˘
`u12
`
CIv
1
5 ´ CI0v14
˘ `Apµ u13v16
` `a41u21 ´ a42u22 ´ a46u16˘ pρAv4 ´ ρI0v5q
` `a52u22 ´ a51u21 ` a56u16˘ pρIv5 ´ ρI0v4q
` `a63u23 ´ a64u14 ` a65u15˘ Apβ v6ı dz
“ ´
ż 1
0
“`
CAu
1
1 ´ CI0u12
˘
v14
` `CIu12 ´ CI0u11˘ v15 `Apµ u13v16
`pρAu4 ´ ρI0u5q
`
a41v
2
1 ´ a42v22 ´ a46v16
˘
` pρIu5 ´ ρI0u4q
`
a52v
2
2 ´ a51v21 ` a56v16
˘
` Apβ u6
`
a63v
2
3 ´ a64v14 ` a65v15
˘ı
dz
“ xu,´AvyX , (33)
where we used the boundary conditions v1p0q “ v2p0q “
v3p0q “ 0 and CAv11p1q ´ CI0v12p1q ´ γApv6p1q “
0, CIv12p1qq ´ CI0v11p1q ` γI0v6p1q “ 0, Apv13p1q ´
γpApv4p1q ´ I0v5p1qq “ 0. Moreover, we have that
v1, v2, v3 P H10 p0, 1q and v4, v5, v6 P L2p0, 1q, therefore
we define the domain of A˚ as
DompA˚q “  v P X | CAv11p1q ´ CI0v12p1q ´ γApv6p1q “ 0,
CIv
1
2p1qq ´ CI0v11p1q ` γI0v6p1q “ 0,
1
µ
Apv
1
3p1q ´ γpApv4p1q ´ I0v5p1qq “ 0.
*
,
(34)
to conclude that DompA˚q “ DompAq.
Now we can establish the well-posedness of the novel
current actuated piezoelectric composite in the absence
of control.
9Theorem 2. The operator A, defined in (29), generates
a semigroup of contractions, satisfying }T ptq} ď 1 on
X .
Proof. The closed and densely defined operator A sat-
isfies
xAz, zyX “
ż 1
0
„
´ a46z16 pρAz4 ´ ρI0z5q
` a56z16 pρIz5 ´ ρI0z4q `
`´a64z14 ` a65z15˘ Apβ z6dz
` “z4pCAz11 ´ CI0z12q ` z5pCIz12 ´ CI0z12q
`z6pApµ z3q
ı1
0
“ 0 ď 0,
xA˚z, zyX “ ´
ż 1
0
„
´ a46z16 pρAz4 ´ ρI0z5q
` a56z16 pρIz5 ´ ρI0z4q `
`´a64z14 ` a65z15˘ Apβ z6dz
´ “z4pCAz11 ´ CI0z12q ` z5pCIz12 ´ CI0z12q
`z6pApµ z3q
ı1
0
“ 0 ď 0,
by straightforward calculations using IBD and the do-
mains (30) and (34). By the Lumer-Phillips Theorem 1,
the operator generates a semigroup of contractions.
This concludes the well-posedness of the proposed
current actuate piezoelectric composite. In the next sec-
tion we investigate the stabilizability properties of the
approximations of the piezoelectric composite (29).
IV. APPROXIMATIONS OF PIEZOELECTRIC
COMPOSITES
For control, simulation, and analysis purposes,
it is useful to approximate a system governed by
PDEs. In this section, we derive the approximated
ordinary differential equations (ode) of the piezoelectric
composite (29). More specifically, we derive two ode
systems using two approximation schemes, i.e. the
finite element method (FEM) [29] and the mixed
finite element method (MFEM) [20]. During the
approximation method, certain properties belonging to
the original PDE may be lost. Therefore we investigate
in the next section the stabilizability properties of
the derived approximations of the two approximation
schemes and see if the derived approximations bear
different stabilizability properties, for this specific case.
The application of FEM and MFEM result in a finite
dimensional system of ordinary differential equations
9xN ptq “ ANxN ptq `BNuptq, t ą 0, xN P RN ,
(35)
where the number of ode’s are determined by the number
of segments N considered, such that AN P RNˆN and
BN P RN . More specifically, the whole domain Ω is the
union of all N local segments Ωjab “ ra, bs “ rzj´1, zjs
for j P t1, . . . , Nu. The dimension of XN tends to
infinity as N tends to infinity, making Ωjab infinitesimal
small.
First we derive the ode system using FEM, which
can be directly done from (29). Subsequently, we derive
the ode system using MFEM, where we first have to
rewrite the PDE system (29). We conclude this section
by verifying the approximations.
A. FEM approximation
For the FEM approximations of the fully dynamic
current actuated piezoelectric composite (29) on the local
segment define the vector cj :“
”
cj0 c
j
1 . . . c
j
N
ı˚ P RN ,
denoting the coefficients of the test functions for the j-
th variable in the state x, thus j P t1, . . . , 6u. Then, the
N -th order approximation of the linear fully dynamic
piezoelectric composite can be written in matrix form
(36), where the coefficients are as in (31) and the
squared matrices M1,K1,K2 P RMˆM and column
vector B1 P RM are composed of the local element
matrices as follows,
M1 “
hj
6
»——————————–
4 1
1 4 1
1
. . . 1
2 4 2
2 4
fiffiffiffiffiffiffiffiffiffiffifl
, K1 “
1
2
»——————————–
0 ´1
1 0 ´1
1
. . . ´1
1 0 ´1
1 0
fiffiffiffiffiffiffiffiffiffiffifl
,
K2 “
1
hj
»——————————–
2 ´1
´1 2 ´1
´1
. . . ´1
´1 2 ´1
´1 2
fiffiffiffiffiffiffiffiffiffiffifl
, B1 “
´β
2gb
»———————–
1
1
.
.
.
1
fiffiffiffiffiffiffiffifl
.
(37)
This concludes the approximation of the fully dynamic
piezoelectric composite using the finite element method.
B. MFEM approximation
In this section we treat the approximation of the
proposed current actuated piezoelectric cantilever piezo-
electric beam using the MFEM method [20]. Therefore,
we need to rewrite the PDE in a specific form, which
we touch upon first. In the derivation of the current
actuated model (23) we made use of the Lagrangian
L “ ş`0 Lpq, 9qqdz1, where L denotes the Lagrangian den-
sity function is a function of the generalized coordinates
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(recall, q “ colpv, wz1 ,Φq) and the generalized velocities
9q. To apply MFEM, (17) needs to be written in the form.
d
dt
¨˝
qz
p
‚˛ “
¨˝
B
Bz
BH
Bp pqz, pq
B
Bz
BH
Bqz pqz, pq
‚˛`Buptq, (38)
where p denotes the generalized momenta and Hpqz, pq
is the density functional of the total energy (24) in
different coordinates qz “ colpvz, wzz,Φzq and p. This
is done by using the Legendre transformation
p :“ BLB 9q pq, 9qq “
»———–
ρA 9v ´ ρI0 9wz
ρI 9wz ´ ρI0 9v
1
βAp
9Φ` γ pAp 9v ´ I0 9wzq
fiffiffiffifl , (39)
Hpq, pq “ pT 9q ´ Lpq, 9qq. (40)
Moreover, we require Hpq, pq Ñ Hpqz, pq. Therefore,
let x¯ “ colpq, pq, x “ colpqz, pq and consider the
coordinate transformation xpqz, pq “ Sx¯pq, pq, then
Hpqz, pq “ x¯T Q¯x¯ “ xTS´T Q¯S´1x “ xTQx, (41)
with
Q : “ S´T Q¯S´1 “
»–Q1 Q2
QT2 Q4
fifl , (42)
where
Q1 “
»———–
CA ` γ2βAp ´
`
CI ` γ2βI0
˘
0
´ `CI ` γ2βI0˘ CI ` γ2β I20Ap 0
0 0 Apµ
fiffiffiffifl ,
Q2 “
»———–
0 0 ´γβ
0 0 γβ I0Ap
0 0 0
fiffiffiffifl ,
Q4 “
»———–
ρI
ρAρI´ρ2I0
ρI
ρAρI´ρ2I0 0
ρI
ρI0ρI´ρ2I0
ρA
ρAρI´ρ2I0 0
0 0 βAp
fiffiffiffifl .
The coordinate transformation (41), guarantees the
same rate of change of the total energy, i.e.
d
dt
H “
” ´
CAvzpzq ´ CI0wzzpzq ´ γAp 9Φpzq
¯looooooooooooooooooooooomooooooooooooooooooooooon
e
B1˚
9vpzqlomon
f
B1˚
`
´
CIwzzpzq ´ CI0vzpzq ` γI0 9Φpzq
¯loooooooooooooooooooooomoooooooooooooooooooooon
e
B2˚
9wzpzqlomon
f
B2˚
`
ˆ
1
µ
ApΦzpzq ´ γpAp 9vpzq ´ I0 9wzpzqq
˙
loooooooooooooooooooooooomoooooooooooooooooooooooon
e
B3˚
9Φpzqlomon
f
B3˚
ı`
0
,
(44)
where eBl˚ , fBl˚ , with l P t1, 2, 3u denotes the
port-Hamiltonian flows and efforts on the boundary
˚ P t0, `u, see for instance [12], [19], [20].
Let Be “
”
0 0 0 0 0 ´phb ´ haq
ıT
and de-
note the iˆi identity matrix by Ii. Then, by the quadratic
nature of Hpqz, pq we write the dynamics (38) in the
compact form
9x “
»– 0 I3
I3 0
fifl BBzloooooomoooooon
J
Qx`Beu, (45)
with boundary conditions as boundary flows and efforts
fB10 “ fB20 “ fB30 “ 0,
eB1` “ eB2` “ eB3` “ 0
(46)
defined in (44), where the first row constitute the
essential boundary conditions and the second row
contains the natural boundary conditions.
The piezoelectric composite (45), with (42) and
boundary conditions (46) is approximated using the
mixed trial functions
xipz, tq « xiabptqφabpzq
9xipz, tq « 9xiabptqφabpzq
eipz, tq « eiaptqφapzq ` eibptqφbpzq,
(47)
»————————–
9c1
9c2
9c3
9c4
9c5
fiffiffiffiffiffiffiffiffifl
loomoon
9xN
“
»———————————–
IN
IN
IN
´a41M´11 K2 a42M´11 K2 a46M´11 K1
a51M
´1
1 K2 ´a52M´11 K2 ´a56M´11 K1
´ β
µ
M´11 K2 γβM
´1
1 K1 ´γβ
I0
Ap
M´11 K1
fiffiffiffiffiffiffiffiffiffiffiffifl
looooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooon
AN
»———————————–
c1
c2
c3
c4
c5
c6
fiffiffiffiffiffiffiffiffiffiffiffifl
loomoon
xN
`
»———————————–
0
0
0
0
0
B1
fiffiffiffiffiffiffiffiffiffiffiffifl
loomoon
BN
Iptq, (36)
11
on the local domain Ωab, for j P t1, . . . , 6u cor-
responding to the sequence of states in the original
PDE. Note that the e :“ Qx in (45) requires more
smoothness in the spatial variable than x or 9x. Let
uab “ colpfBa , eBb q, yab “ colpeBa ,´fBb q and following
the procedure described in [20] for (45), with
φabpzq “ 1
b´ a, φapzq “
b´ z
b´ a, φbpzq “
z ´ a
b´ a
results in the local finite dimensional system
9xab “ JabpQabxabq `Babuab
yab “ BTabpQabxabq `Dabuab
(48)
with
Jab “ 2
»– 0 I3
´I3 0
fifl , Qab “ 1
b´ aQ,
Bab “ 2
»– 0 ´I3
I3 0
fifl , Dab “
»– 0 ´I3
I3 0
fifl .
(49)
Then, interconnecting the system j “ 1, . . . , N using
uj “ ´BT´yj´1 ´BT`yj`1 where BT´ `BT` “ Bj
is decomposed into the left and right component, with
respectively the annotation ´,`. Then, the intercon-
nection of N segments results in the global dynamical
system (43), where uptq is the external current input.
This concludes the approximation of the fully dynamic
piezoelectric composite using the mixed finite element
method.
C. Verification of approximation
The approximated current-controlled piezoelectric
composites models (36) and (43) are verified in
two manners using the system coefficients presented
in Table I. The first is the convergence of the tip
response, i.e. the longitudinal and transverse deflection.
The transverse deflection w is numerically computed
using the trapezium integration rule on wz1 . In Fig 2,
both the transverse and longitudinal deflection of the
actuated beam are depicted. It can be seen that the two
approximations provide the same dynamics and converge
to the same response. The second verification method
underpins the observation of convergent trajectories and
Description Symbol Value Unit
Beam geometry
Length ` 1 rms
Width gb 0.1 rms
Thickness h 0.01 rms
Beam Substrate
Volumetric density ρ 5000 rkg{m3s
Young’s Modulus C11,s 105 rN{m2s
Piezoelectric layer
Volumetric density ρp 7600 rkg{m3s
Young’s Modulus C11,p 140ˆ 105 rN{m2s
Coupling coefficient γ 10´3 rC{m2s
Dielectric impermittivity β 106 rm{F s
Magnetic permeability µ 1.2ˆ 106 rH{ms
TABLE I
PHYSICAL COEFFICIENTS
is by investigating the convergence of the imaginary part
of the eigenvalues. Table II summarizes the convergence
for the first four eigenvalues (responsible for the
dominant behaviour) for increasing approximation order
for the two approximation methods.
The presented data shows (under increasing approx-
imation order) the convergence of both approximation
methods individually, and it shows that the two approx-
imation models converge towards a similar behaviour.
Remark 3. From Table II, it can be seen that the MFEM
method approximates the eigenvalues higher than the
FEM method. However, it does so with higher matrix
sparsity, which provides a computational advantage.
With increasing approximation order, the eigenvalues of
the two approximation methods converge towards each
other.
V. STABILIZABILITY OF PIEZOELECTRIC COMPOSITE
APPROXIMATIONS
The stabilizability properties of the derived and veri-
fied ode systems of the approximated current-controlled
»————–
9x1
.
.
.
9xj
.
.
.
9xN
fiffiffiffiffifl “
»——–
J1 ´B`2 BT`1 . . .
. . . ´B´j Dj´1BT´j´2 B´j BT´j´1 Jj ´B`j BT`j`1 B`j Dj`1BT`j`2 . . .
. . . B´
N
BT´
N´1 JN
fiffiffifl`
»————–
Be
.
.
.
Be
.
.
.
Be
fiffiffiffiffifluptq (43)
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Fig. 2. Converging transverse and longitudinal displacement for increasing approximation order N = 12, 16, 20, and 24.
TABLE II
CONVERGENCE OF IMAGINARY PART OF NUMERICAL
DETERMINED EIGENVALUES.
Imagepλ1q Imagepλ2q Imagepλ3q Imagepλ4q
N FEM MFEM FEM MFEM FEM MFEM FEM MFEM
12 1.4350 1.4360 4.3295 4.3580 7.2982 7.4371 10.3913 10.8043
16 1.4345 1.4351 4.3174 4.3332 7.2419 7.3172 10.2360 10.4522
20 1.4343 1.4347 4.3118 4.3218 7.2158 7.2633 10.1644 10.2982
24 1.4342 1.4344 4.3087 4.3157 7.2017 7.2343 10.1255 10.2169
28 1.4341 1.4343 4.3069 4.3120 7.1932 7.2171 10.1022 10.1686
32 1.4341 1.4342 4.3057 4.3096 7.1877 7.2059 10.0870 10.1375
36 1.4340 1.4342 4.3049 4.3080 7.1839 7.1982 10.0766 10.1163
40 1.4340 1.4341 4.3043 4.3068 7.1812 7.1928 10.0692 10.1012
100 1.4339 1.4340 4.3022 4.3026 7.1715 7.1734 10.0426 10.0477
piezoelectric composites are investigated in this section.
Both the approximations using FEM or MFEM are finite-
dimensional linear systems of the form
9xptq “ Axptq `Buptq, x P Rn
yptq “ Cxptq (50)
with u “ Iptq, y P Rp, matrixes A,B,C of suitable
dimension, and n “ 6N . The controllability of such
system can be verified using Kalman’s controlability
rank condition, where the rank of the controllability
matrix C :“
”
B AB . . . An´1B
ı
must be equal to
the dimension of the state space, i.e. rankpCq “ n.
The stabilizability of the system can be investigated by
checking the the controllable canonical form. Therefore,
let xcptq and xcptq denote respectively the collection
of controllable and uncontrollable states and define
x¯ptq :“ colpxcptq, xuptqq. If there exist a non-singular
state transformation matrix T such that x¯ “ Tx, we can
obtain the system»– 9xcptq
9xuptq
fifl “
»–A¯11 A¯12
0 A¯22
fifl
loooooomoooooon
A¯
»–xcptq
xuptq
fifl
looomooon
x¯ptq
`
»–B¯1
0
fifl
lomon
B¯
uptq
yptq “ C¯x¯ptq,
(51)
isomorphic to (50), with A¯ :“ T´1AT , B¯ :“ T´1B,
and C¯ :“ CT .
By investigating the ode systems symbolically, it
can be shown that for N “ 1 and N “ 2 both FEM
and MFEM approximations are controllable. However,
for higher-order approximations (N ě 3), the cost to
calculate and analyse C for FEM and MFEM becomes
too expensive. Hence, for both cases, it was not
possible to establish results for N ě 3. The calculations
have been performed with the use of the Peregrine
high-performance cluster.
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We can however establish the controllability/stabiliz-
ability property for the current actuated piezoelectric
composite for a specific case (specified coefficients)
combined with simulation results. From a more
analytical point of view, we can investigate if the ode’s
satisfy Brockett’s necessary condition for stabilizability
[30], which we will treat next.
Theorem 3 (Brockett condition). Consider the system
9x “ fpx, uq, where x P Rn. A necessary condition for
the existence of a continuous feedback law u “ upxq
rendering x0 P Rn locally asymptotically stable for the
closed-loop system 9x “ fpx, upxqq is that
fpx, uq “ y,
is solvable for all }y} sufficiently small.
For linear systems we derive the following corollary
Corollary 1. Consider the system 9x “ Ax`Bu, where
x P Rn. A necessary condition for the existence of a
continuous feedback law u “ Fx rendering x0 P Rn
locally asymptotically stable for the closed-loop system
9x “ pA`BF qx is that
Image
”
A B
ı
P Rn.
This leads us to the following two results.
Theorem 4. The approximated linear fully dynamic
electromagnetic piezoelectric composite (36) using FEM,
satisfies Brockett’s necessary condition for asymptotic
stabilizability through continuous state feedback.
Proof. Using (36) we compute”
AN BN
ı
v
”
I6N B˜FEM
ı
,
with
B˜TFEM “
”
01ˆ2N ˚1ˆN 01ˆ3N
ı
,
where ˚ contains unspecified elements. Using simple
application of Linear Algebra we have that
rank
”
AN BN
ı
“ 6N “ n
and with use of Corollary 1 we conclude that (36)
satisfies Brockett’s necessary condition for asymptotic
stabilizability.
In a similar fashion we derive the following result for
the ode system derived using MFEM.
Theorem 5. The approximated linear fully dynamic elec-
tromagnetic piezoelectric composite (43) using MFEM,
satisfies Brockett’s necessary condition for asymptotic
stabilizability through continuous state feedback.
Proof. Using (43) we compute”
AN BN
ı
v
”
I6N B˜MFEM
ı
,
with
B˜TMFEM “
”
B˜T1 B˜
T
2 . . . B˜
T
N
ı
where B˜Ti “
”
0 0 ˚ 0 0 0
ı
for i P t1, . . . , Nu
with unspecified element ˚. Using simple application of
Linear Algebra we have that
rank
”
AN BN
ı
“ 6N “ n.
Using Corollary 1, we conclude that (43) satisfies
Brockett’s necessary condition for asymptotic stabiliz-
ability.
Remark 4. For the approximated the piezoelectric ac-
tuator (17) we conjecture that the ode system using
symbolic coefficients for both FEM and MFEM result
in controllable systems.
In support of the established results in Theorem 4 and
Theorem 5, we present numerical results showing the
convergence of trajectories to zero and the behaviour of
the closed-loop eigenvalues in the next section.
VI. NUMERICAL RESULTS
In this section we present some numerical results,
consisting of system trajectories and the behaviour of
the eigenvalues of the approximated models. For second-
order PDEs it has been shown that such systems are
only stabilizable if it is stabilizable with collocated
output feedback, see [31] Therefore, we present the
system trajectories of the closed-loop system pA´BCq,
using C :“ BT . Moreover, we show the behaviour
of the eigenvalues for large approximations order N ,
to show the behaviour of the eigenvalues for the limit
case N Ñ 8. This gives an indication of what the
stabilizability properties of the original PDE (23) could
be with the ´B˚ feedback.
The simulations of the trajectories are executed using
the approximation order N “ 20 and we use the same
physical coefficients as in [14], see Table I. While
it is simple to declare an initial state for one of the
approximations with some sort of mechanical offset, it
is rather challenging to find the corresponding initial
state (especially the electromagnetic part) for the other
approximation scheme. Therefore, we choose the initial
state to be equal to a snapshot of the state-space of
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Fig. 3. Closed-loop stabilizing trajectories. The longitudinal and
traverse deflection of the fully dynamic piezoelectric composite using
FEM approximations
Fig. 4. Closed-loop stabilizing trajectories. The longitudinal and
traverse deflection of the fully dynamic piezoelectric composite using
MFEM approximations.
the open-loop systems of Fig 2 and use t “ 845 as
a starting point for the closed-loop simulations. The
resulting longitudinal and traverse deflection of the
closed-loop systems through electric output feedback
are presented in Fig 3 and Fig 4 for the FEM and
MFEM approximations, respectively. It can be seen in
Fig 3 and 4, that both the longitudinal and transverse
displacement converge to zero for both systems. The
closed-loop simulations of the purely current actuated
fully dynamical piezoelectric composite presented in
[14, Table II] using finite difference approximation
scheme does not show convergence.
Next to the stabilizing trajectories depicted in Fig 3
and Fig 4, we present the behaviour of the eigenvalues
for the large approximation order N “ 100. In Fig 5, we
show the first 100 eigenvalues λi for i P t0, . . . , 100u
with imaginary part closes to zero. As can be seen in
Fig 5, the eigenvalues for both approximation methods
show asymptotic behaviour towards the imaginary axis
for large frequencies, i.e. Imagepλiq ąą 0. This phe-
nomenon indicates asymptotic stability of the closed-
loop system using collocated output-feedback for the
limit case N Ñ 8 and perhaps also the original PDE
Fig. 5. Eigenvalues of the closed-loop systems.
[28], [32].
VII. CONCLUSION
In this work, we have proposed a novel purely
current actuated piezoelectric composite model with a
fully dynamic electromagnetic field assumption. The
novelty of this model results from the definition of the
magnetic-flux, inspired by the procedure of deriving
voltage actuated models, which makes it possible to
circumvent the use of magnetic vector potentials and
a gauge function to produce a purely current actuated
piezoelectric composite model. The existing modelling
framework of piezoelectric beams and composites,
resulting in models actuated by either voltage, charge,
or current using magnetic vector potentials, is now
extended with current actuated models employing
the magnetic-flux. Furthermore, we have shown that
the approximations of this novel current actuated
model satisfies a necessary condition for stabilizability
using either a finite element method or mixed finite
element method. Moreover, the closed-loop trajectories
and eigenvalue behaviour shown in the numerical
results, support the idea of an asymptotically stabilizing
piezoelectric composite through electric output feedback.
Future Work: It is interesting to investigate the asymp-
totic stabilizability properties of the original PDE and
see if these align with the analytic and numerical sta-
bilizability results of the approximations. Furthermore,
it would be interesting to see the stabilizability of the
novel piezoelectric composite using different boundary
conditions (e.g. fixed-fixed).
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